We prove the equivalence of two conjectural constructions of unramified cuspidal automorphic functions on the adelic group GLn(A) associated to an irreducible ℓ-adic local system of rank n on an algebraic curve X over a finite field. The existence of such a function is predicted by the Langlands conjecture.
1. Introduction 1.1. Let X be a smooth, complete, geometrically connected curve over F q . Denote by F the field of rational functions on X, by A the ring of adeles of F , and by Gal(F /F ) the Galois group of F .
The present paper may be considered as a step towards understanding the geometric Langlands correspondence between n-dimensional ℓ-adic representations of Gal(F /F ) and automorphic forms on the group GL n (A). We follow the approach initiated by V. Drinfeld [5] , who applied the theory of ℓ-adic sheaves to establish this correspondence in the case of GL 2 .
The starting point of Drinfeld's approach is the observation that an unramified automorphic form on the group GL n (A) can be viewed as a function on the set M n of isomorphism classes of rank n bundles on the curve X. The set M n is the set of F qpoints of M n , the algebraic stack of rank n bundles on X. One may hope to construct the automorphic form associated to a Galois representation as a function corresponding to an ℓ-adic perverse sheaf on M n . This is essentially what Drinfeld did in [5] in the case of GL 2 . In abelian class field theory (the case of GL 1 ) this has been done by P. Deligne (see [16] ).
Let M ′
n denote the set of isomorphism classes of pairs {L, s}, where L ∈ M n is a rank n bundle on X and s is a regular non-zero section of L. Using a well-known construction due to Weil [28] and Jacquet-Langlands [11] for n = 2, and Shalika [26] and Piatetski-Shapiro [24] for general n, one can associate to an unramified n-dimensional Date: March 1997. representation σ of Gal(F /F ), a function f ′ σ on M ′ n . The construction of f ′ σ is obtained from the Whittaker function W σ , a function canonically attached to σ. The Langlands conjecture predicts that when σ is geometrically irreducible, the function f ′ σ is constant along the fibers of the projection p : M ′ n → M n . In other words, conjecturally, f ′ σ is the pull-back of a function f σ on M n ; the function f σ is then the automorphic function corresponding to σ.
Let now M ′
n be the moduli stack of pairs {L, s}, where L is a rank n bundle on X and s is a regular non-zero section of L. We have: M n = M n (F q ), M ′ n = M ′ n (F q ). Each Galois representation σ gives rise to an ℓ-adic local system E on X of rank n. Drinfeld's idea, developed further by G. Laumon [16] , can be interpreted as follows.
Suppose there exists an irreducible perverse sheaf S ′ E on M ′ n , with the property that the function S ′ E associated to S ′ E on M ′ n = M ′ n (F q ) equals f ′ σ . Then showing that the function f ′ σ is constant along the fibers of the projection p : M ′ n → M n becomes a geometric problem of proving that S ′ E descends to a perverse sheaf S E on M n . In [5] , Drinfeld constructed such a sheaf S ′ E in the case of GL 2 . He started with a geometric realization of the Whittaker function as a perverse sheaf on the symmetric power of the curve X. Then he defined the sheaf S ′ E using a geometric version of the Weil-Jacquet-Langlands construction. Drinfeld showed that the sheaf S ′ E is locally constant along the fibers of p. Since the fibers of p are projective spaces, hence simplyconnected, this implies that S ′ E is constant along the fibers of p. One may hope to use a similar argument in the case of GL n .
1.4. In order to construct S ′ E in general, Laumon [16] defined a sheaf L E , which he considered as a geometric analogue of the Whittaker function W σ . However, the function L E corresponding to L E and the Whittaker function W σ are defined on different sets and their values are different, see [16] and Sect. 3.5 below. Using the sheaf L E , Laumon [19] constructed a candidate for the sheaf S ′ E on M ′ n (this construction was independently found by one of us; D.G., unpublished). In order to justify this construction, one has to prove that the function S ′ E on M ′ n , corresponding to the sheaf S ′ E , coincides with the function f ′ σ . This equality was conjectured by Laumon in [19] (Conjecture 3.2), and its proof is one of the main goals of this paper.
To prove the equality S ′ E = f ′ σ , we reduce it to a local statement (see Theorem 5.2) which we make for an arbitrary reductive group. We prove Theorem 5.2 using the Casselman-Shalika formula for the Whittaker function [3] (actually, Theorem 5.2 is equivalent to the Casselman-Shalika formula). Theorem 5.2 can be translated into a geometric statement about the intersection cohomology sheaves on the affine Grassmannian (see Conjecture 7.2). 1.5. One essential difference between Laumon's approach and our approach is in interpretation of the sheaf L E and the function L E associated to this sheaf. Laumon interprets the local factors of L E via the Springer sheaves and the Kostka-Foulkes polynomials (see Remark 3.1) . We interpret the local factors of L E via the perverse sheaves on the affine Grassmannian and the Hecke algebra (see Sect. 4.2) . Our interpretation, which was inspired by [20] , allows us to gain more insight into Laumon's construction. In particular, it helps to explain the apparent discrepancy between L E and W σ : it turns out that L E is connected with W σ by a Fourier transform. Using this result, we demonstrate that the outputs of the two constructions -S ′ E and f ′ σcoincide.
1.6. Let us now briefly describe the contents of the paper:
In Sect. 2 we review some background material concerning the Langlands conjecture and the classical construction of the function f ′ σ together with its geometric interpretation. We follow closely Sect. 1 of [16] .
In Sect. 3 we describe the construction of the sheaf S ′ E on M ′ n and the function S ′ E on M ′ n . We state the main conjecture (Conjecture 3.1) about the geometric Langlands correspondence for GL n and our main result (Theorem 3.1).
In Sect. 4 we give an adelic interpretation of the construction of the function S ′ E and reduce Theorem 3.1 to a local statement, Proposition 4.2.
In Sect. 5 we prove Theorem 5.2 for an arbitrary reductive group and derive from it Proposition 4.2.
In Sect. 6 we interpret the results of Sect. 5 from the point of view of the spherical functions.
In Sect. 7 we give a geometric interpretation of Theorem 5.2 and discuss a possible generalization of Laumon's construction to other groups. 1.7. In this paper we work with algebraic stacks in the smooth topology in the sense of [18] . All stacks that we consider have locally the form Y/G where Y is a scheme and G is an algebraic group acting on it. We will use the following notion of perverse sheaves on such algebraic stacks: for V = Y/G, a perverse sheaf on V is just a G-equivariant perverse sheaf on Y, approprietly shifted.
Throughout this paper, for an F q -scheme (resp., for an F q -stack) V and for an algebra R over F q , V(R) will denote the set of R-points of V (resp., the set of isomorphism classes of R-points of V). In most cases, schemes and stacks are denoted by script letters and their sets of F q -points are denoted by the corresponding roman letters (e.g., V and V ). We use the same notation for a morphism of stacks and for the corresponding map of sets.
If S is a sheaf or a complex of sheaves on a stack V, then the corresponding set V is endowed with a function of "alternating sum of traces of the Frobenius" (as in [4] ) that we denote by the corresponding roman letter S (we assume that a square root of q in Q ℓ is fixed throughout the paper).
If V is a stack over F q , the set V is endowed with a canonical measure µ, which in the case when V is a scheme has the property µ(v) = 1, ∀v ∈ V . For example, if G is a group, µ((pt/G)(F q )) = |G| −1 .
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2.
Background and the Shalika-Piatetski-Shapiro construction 2.1. Langlands conjecture. Let k = F q be a finite field, and X be a smooth complete geometrically connected curve over k. Denote by F the field of rational functions on X. For each closed point x of X, denote by K x the completion of F at x, by O x the ring of integers of K x , and by π x a generator of the maximal ideal of O x . Let k x be the residue field O x /π x O x , and q x = q deg x be its cardinality. We denote by A = ′ x∈|X| K x the ring of adeles of F and by O = ′ x∈|X| O x its maximal compact subring. Consider the set G n of unramified and geometrically irreducible representations of the Galois group Gal(F /F ) in GL n (Q ℓ ), where ℓ is relatively prime to q, as in [16] , (1.1).
Let A n be the set of cuspidal unramified automorphic functions on the group GL n (A) -these are cuspidal functions on the set GL n (F )\GL n (A)/GL n (O), which are eigenfunctions of the Hecke operators. Recall that for each x ∈ |X| and i = 1, . . . , n, one defines the Hecke operator T i x by the formula:
x is the diagonal matrix whose first i entries equal π x , and the remaining n − i entries equal 1, and dh stands for the Haar measure on GL n (K x ) normalized so that GL n (O x ) has measure 1. Cuspidality condition means that for each standard parabolic subgroup of GL n , whose unipotent radical V is contained in the upper unipotent subgroup N ,
Conjecture 2.1. For each σ ∈ G n , there exists a unique (up to a non-zero constant multiple) function f σ ∈ A n , such that for any x ∈ |X|
where T i x is the ith Hecke operator, and Fr x ∈ Gal(F /F ) is the geometric Frobenius element.
Let P 1 ⊂ GL n be the subgroup
Following Shalika and Piatetski-Shapiro, we construct a function f ′ σ on the doublequotient P 1 (F )\GL n (A)/GL n (O), which is cuspidal and which satisfies the Hecke eigenfunction property:
The first step in the construction of f ′ σ is the construction of the Whittaker function.
2.2. Whittaker functions. Introduce the following notation: for a homomorphism Spec R → X and an O X -module M we denote by M R the R-module of sections of the pull-back of M to Spec R. Denote by Ω the canonical bundle over X. Let GL J n (R) be the group of invertible n × n matrices A = (A ij ) 0≤i,j≤n−1 , where A ij ∈ Ω j−i R . The group GL J n (R) is non-canonically isomorphic to the corresponding untwisted group GL n (R). To establish such an isomorphism, one has to choose a rational section δ of Ω over Spec R.
It is easy to see that GL J n (R) is the group of R-points of a group scheme over X, but in this paper we will not use this fact.
The twisted forms GL J n (R) have the following advantage.
Let us fix once and for all a non-trivial additive character ψ :
For each x ∈ |X| consider the group GL J n (K x ). Let γ be a semi-simple conjugacy class in GL n (Q ℓ ). The following result is due to Shintani [27] , and Casselman and Shalika [3] . Theorem 2.1. (1) There exists a unique function W γ,x on GL J n (K x ) that satisfies the following properties:
x is an eigenfunction with respect to the local Hecke-operators T i x , i = 1, . . . , n:
(2) The function W γ,x is given by the following formula. For λ = (λ 1 , . . . , λ n ) ∈ P + n , the set of dominant weights of GL n (i.e., such that
x , . . . , π λn x )) = q n(λ)
x Tr(γ, V (λ)),
There is a bijection between the weight lattice of GL n and the double quotient
, which maps (λ 1 , . . . , λ n ) to the double coset of diag(π λ 1 x , . . . , π λn x ). This explains the fact that W γ,x is uniquely determined by its values at the points diag(π λ 1 x , . . . , π λn x ). Remark 2.1. The uniqueness of the Whittaker function is connected with the fact that an irreducible smooth representation of a reductive group G over a local nonarchimedian field has at most one Whittaker model, see [6] .
There is an explicit formula for the Whittaker function associated to an arbitrary reductive group, due to Casselman and Shalika [3] , which we will use in Sect. 5. Now we attach to σ ∈ A n the global Whittaker function W σ on GL J n (A) by the formula
to N J (F ); • For all i = 1, . . . , n and x ∈ |X| we have:
be the space of Q ℓ -valued smooth (see, e.g., [2] ) functions f on GL J n (A), such that f (ug) = Ψ(u)f (g), ∀u ∈ N J (A); we call such functions (N J (A), Ψ)-equivariant. Let C ∞ (GL J n (A)) P J 1 (F ) cusp be the space of smooth functions f on GL J n (A), which satisfy f (pg) = f (g), ∀p ∈ P J 1 (F ) and are cuspidal, i.e., for each parabolic subgroup of GL n , whose unipotent radical V is contained in N ,
The following result is the main step in constructing automorphic functions for GL n . The existence of the subgroup P 1 plays a key role in this result, and this makes the case of GL n special.
given by the formula
This isomorphism commutes with the right action of GL J n (A) on both spaces. We remark that for each g ∈ GL J n (A) the sum above has finitely many non-zero terms. By construction, W σ ∈ C ∞ (GL J n (A))
The isomorphism of Theorem 2.2 clearly preserves the spaces of right GL J n (O)-invariant functions and commutes with the action of the Hecke operators on them. Therefore f ′ σ is right GL J n (O)-invariant and satisfies (2.2), i.e., it is an eigenfunction of the Hecke operators with the same eigenvalues as those prescribed by the Langlands conjecture. Furthermore, uniqueness of the Whittaker function W σ implies that the function f ′ σ is the unique function on GL J n (A) satisfying the above properties (up to a non-zero constant multiple). Thus, the Langlands conjecture (2.1) is equivalent to
Remark 2.2. There is an approach to proving this conjecture using analytic properties of the L-function of the Galois representation σ, see [11, 12, 15] , which will not be discussed here.
2.4.
Interpretation in terms of vector bundles. We begin by fixing notation. Let B be the Borel subgroup in GL n (consisting of upper triangular matrices), T ⊂ B be the maximal torus (consisting of diagonal matrices), and P be the maximal parabolic subgroup of GL n containing the subgroup P 1 of GL n defined by formula (2.1). (1) There is a canonical bijection between the set Q and the set of isomorphism classes of the following data:
(2) There is a canonical bijection between the set M ′ n and the set of isomorphism classes of pairs {L, s}, where L is a rank n vector bundle over X, and s :
The natural projection ν :
There is a canonical bijection between the set M n and the set of isomorphism classes of rank n vector bundles over X.
The natural map p : M ′ n → M n corresponds to forgetting the section s.
Proof.
Recall that for a morphism Spec R → X and an O X -module M we denote by M R the space of sections of the pull-back of M to Spec R. Denote by J 0 the vector bundle ⊕ n−1 i=0 Ω i . Let Bun be the set of data {L, ϕ gen , ϕ x }, where L is a rank n bundle on X, and ϕ gen : J 0 F → L F and ϕ x : J 0 Ox → L Ox , ∀x ∈ |X| are isomorphisms (generic and local "trivializations", respectively). We construct a map b : Bun → GL J n (A) as follows. After the identifications of J 0
, ϕ x and ϕ gen give rise to homomorphisms J 0 Kx → L Kx which we denote by the same characters. Let µ x = (ϕ x ) −1 ϕ gen be the corresponding automorphism of J 0 Kx . To represent the element µ x by an n × n matrix g x = (g x,ij ) of the form given in Sect. 2.2, we set g x,ij to be equal to the element of Ω j−i Kx corresponding to the map
It is easy to see that this map is a bijection. Now to prove part (1) of the lemma, let us observe that given a triple {L, (F i ), (s i )}, we can choose ϕ gen and ϕ x 's in such a way that for each j = 0, . . . , n − 1, they
With such a choice, g x ∈ B J (K x ) + , ∀x ∈ |X|, and the arbitrariness in the choice of ϕ gen (resp., ϕ x ) corresponds to left (resp., right) multiplication of (g x ) x∈|X| by elements of N J (F ) (resp., B J (O x )).
This proves part (1) of the lemma. The proof of parts (2) and (3) is similar.
Note that the function W σ (resp., f ′ σ ), which is defined on the set N J (F )\GL J n (A)/GL J n (O) (resp., P J 1 (F )\GL J n (A)/GL J n (O)) is uniquely determined by its restriction to the subset Q (resp., M ′ n ), since it is an eigenfunction of the Hecke operators T n
x . Now f ′ σ is a function on P J 1 (F )\GL J n (A)/GL J n (O). Its restriction to M ′ n , which we also denote by f ′ σ , equals, by definition, ν ! (W σ ), where ν ! denotes the operation of summing up a function along the fibers of the map ν (note that these fibers are finite). Conjecture 2.2 can now be stated in the following way.
In the next section we discuss a geometric version of this conjecture.
Conjectural geometric construction of an automorphic sheaf
3.1. Definitions of stacks. Let M n be the moduli stack of rank n bundles on X.
Recall that for an F q -scheme S, Hom(S, M n ) is the grouppoid, whose objects are rank n bundles on X × S and morpisms are isomorphisms of such bundles. Let M ′ n be the moduli stack of pairs {L, s}, where L is a rank n bundle on X and s : Ω n−1 → M ′ n is an embedding of O X -modules. More precisely, Hom(S, M ′ n ) is the grouppoid, whose objects are pairs {L S , s S }, where L S ∈ Ob Hom(S, M n ) and s S : Ω X ⊠ O S → L S is an embedding, such that the quotient L S / Im s S is S-flat; morphisms are isomorphisms of such pairs which make the natural diagram commutative.
The set M n (resp. M ′ n ) can be identified with the set of F q -points of M n (resp. M ′ n ). As was explained in the introduction, we expect that f ′ σ is the function attached to a complex of ℓ-adic sheaves S ′ E on M ′ n . In this section we present the construction of a candidate for the complex S ′ E following Laumon [19] . At the level of F q -points, this construction is actually different from the construction of f ′ σ given in Sect. 2.3. The reason is the following. It is easy to define a "naive" stack Q classifying triples {L, (F i ), (s i )} (as in Lemma 2.1) with Q(F q ) = Q and a morphism Q → M ′ n corresponding to the map of sets ν : Q → M ′ n . But this Q is a disjoint union of connected components labeled by the n-tuples (d 0 , . . . , d n−1 ), where d i is the degree of the divisor of zeros of the map s i :
On the other hand, the stack M ′ n is a disjoint union of connected components corresponding to the degree of the divisor of zeros of s : Ω n−1 → L. Recall that under ν, s n−1 becomes s. This means that the fibers of ν are disconnected. Hence one can not obtain an irreducible sheaf on M ′ n as the direct image of a sheaf on Q.
In this section we replace the "naive" stack Q by a stack Q, and the Whittaker function W σ by a perverse sheaf F E on Q. The pair ( Q,F E ) was first constructed by Laumon [19] . 
Morphisms are isomorphisms of the corresponding O X×S -modules making all natural diagrams commutative.
We have a natural representable morphism of stacks ν : Q → M ′ n , which for each
. By definition, it consists of quintuples {L, s, J, (J i ), (s i )}, where L and J are rank n bundles on X, s : J → L is an embedding of the corresponding O X -modules, (J i ) is a full flag of subbundles
There is a natural map of sets r : Q → Q defined as follows. Given an object {L, s, J, (J i ), (s i )}, define F i to be the maximal locally free submodule of L of rank n − i, which contains the image of J i ⊂ J under s. Then (F i ) is a full flag of subbundles of L. The composition of s i :
Thus we obtain a map r : Q → Q, and it is clear that ν = ν • r.
n coincides with the map ν. Moreover for every function f on Q we have ν ! (r ! (f )) = ν ! (f ), the integrations being taken with respect to the canonical measures on each of the three sets.
3.3. The sheaf L E . In this section we recall Laumon's construction [16] of the sheaf L E .
Let Coh be the stack classifying torsion sheaves of finite length on X, i.e., for an F q -scheme S, Hom(S, Coh) is the grouppoid, whose objects are coherent sheaves T S on X × S, which are finite and flat over S (see [16] 2 ).
Let Coh n be the open substack of Coh that corresponds to those T S having the property: Let us consider the rank n local system E = E σ on X corresponding to the Galois representation σ. Let us also write π : X m → X (m) for the natural projection. Define the mth symmetric power E (m) of E as the sheaf of invariants of π * E ⊠m under the natural action of the symmetric group S m , i.e., E (m) = (π * E ⊠m ) Sm . As Coh rss n,m = X (m),rss /GL m 1 , the restriction E (m) | X (m),rss gives rise to a local system L 0 E,m on Coh rss n,m . We define the perverse sheaf L E as the sheaf on Coh n , whose restriction to each Coh n,m is the Goresky-MacPherson extension of L 0 E,m , i.e., L E | Cohn,m = j ! * L 0 E,m , where j : Coh rss n,m ֒→ Coh n,m . We will need an explicit description of L E . This description has the following ingredients. Let x be a closed point of X and let Coh n,m (x) denote the substack of Coh n,m , which classifies torsion sheaves of length m on X supported at x that have at most n indecomposable summands. We have a natural map I m,
We can consider P ++ n,m as a subset of the set P + n of dominant weights of GL n . Given
The stack Coh n,m (x) has a stratification by locally closed substacks Coh λ n,m (x) indexed by λ ∈ P ++ m,m . The stratum corresponding to λ = (λ 1 , λ 2 , . . . , λ n ) ∈ P ++ n,m parametrizes torsion sheaves of the form
Let B λ,x denote the intersection cohomology sheaf associated to the constant sheaf on the stratum Coh λ n,m (x). The explicit description of L E is given in the following proposition. Note that the shifts in degrees are due to the fact that the stack Coh n,m (x) has dimension −m, whereas the dimension of Coh n,m is zero.
. , x k be distinct closed points of X, let m 1 , . . . , m k be non-negative integers such that i m i = m, and let I (m i ),(x i ) denote the following natural morphism of algebraic stacks:
where GL m acts on N m by conjugation. Let π : N m → N m denote the Springer resolution and let Sp m = Rπ * Q ℓ denote the Springer sheaf on N m . The sheaf Sp m has a natural action of the symmetric group S m . It is shown in [16] that
(note that Coh n,m is an open substack of Coh m,m ). Hence the function L E associated to L E can be expressed via the Kostka-Foulkes polynomials, see [16] . However, it will be more convenient for us to use another interpretation of the sheaf L E,m,x , via the affine Grassmannian (see Sect. 4.2). This interpretation allows us to express L E in terms of the Hecke algebra H(GL n (K), GL n (O)), see Sect. 5.5. The fact that the two interpretations agree is due to Lusztig [20] .
3.4. The sheaf F E . Define a morphism of stacks α : Q → Coh n that sends a quintuple {L S , s S , J S , (J i,S ), (s i,S )} to the sheaf L S / Im s S . Now we define a morphism β : Q → G a,Fq , which at the level of F q -points sends {L, s, J, (J i ), (s i )} to the sum of n − 1 classes in
Given two coherent sheaves L and L ′ on X, consider the stack Ext 1 (L ′ , L), such that the objects of the grouppoid Hom(S, Ext 1 (L ′ , L)) are coherent sheaves L ′′ on X × S together with a short exact sequence
and morphisms are morphisms between such exact sequences inducing isomorphisms at the ends. There is a canonical morphism of stacks Ext 1 (L ′ , L) → Ext 1 (L ′ , L). We have for each i = 1, . . . , n − 1, a natural morphism β i :
Let I ψ be the Artin-Schreier sheaf on G a,Fq corresponding to the character ψ.
Recall that the Galois representation σ gives rise to a rank n local system E on X and the sheaf L E on Coh n . Define the sheaf F E on Q as
Note that since the map α is smooth, F E is the Goresky-MacPherson extension from its restriction to the open substack α −1 (Coh rss n ).
3.5. Geometric Langlands conjecture for GL n . Recall that we have a representable morphism of stacks ν : Q → M ′ n that associates to an object {L, s, J,
The following conjecture of Laumon is a geometric version of Conjecture 2.3.
Conjecture 3.1 ([19]
). Let σ be in G n and E be the corresponding irreducible ℓ-adic local system on X. Then
• The restriction of the complex S ′ E to each connected component of M ′ n is an irreducible perverse sheaf up to a shift in degree.
where p is the natural morphism M ′ n → M n , and S E is a complex of sheaves on M n , whose restriction to each connected component of M n is an irreducible perverse sheaf up to a shift.
• The sheaf S E is a an eigensheaf of the Hecke correspondences in the sense of [16] ,
If this conjecture is true, then the function on M n associated to the sheaf S E is the automorphic function f σ corresponding to σ. The sheaf S E can therefore be called the automorphic sheaf corresponding to σ.
The conjecture means that the sheaf S ′ E is constant along the fibers of the morphism p. Thus, it is analogous to Conjecture 2.3. The advantage of dealing with Conjecture 3.1 as compared to Conjecture 2.3 is that while the latter is a global statement, one could use local geometric information about the sheaf S ′ E to tackle Conjecture 3.1 (as Drinfeld did in the case of GL 2 [5] ).
Remark 3.2. The above conjecture is obviously false if one does not assume the irreducibility of σ (the complex S ′ E must be corrected by the corresponding "constant terms" in this case). However one can construct the automorphic sheaves S E corresponding to σ's, which are direct sums of one-dimensional representations, by means of the geometric Eisenstein series [17] .
3.6. Main theorem. Let S ′ E denote the function on M ′ n associated to S ′ E . If Conjecture 3.1 is true, then this function has the same properties as the function f ′ σ defined in Sect. 2.3. Recall that these properties uniquely determine f ′ σ up to a non-zero factor. Therefore Conjecture 3.1 can be true only if the functions S ′ E and f ′ σ are proportional. This was conjectured by Laumon in [19] (Conjecture 3.2). One of our motivations was to prove this conjecture. More precisely, we prove the following: [16] for GL 2 by a method different from the one we use below. We derive Theorem 3.1 for GL n with arbitrary n from the following statement. The proof of Proposition 3.2 will occupy Sects. 4 and 5 below. Proposition 3.2 can be interpreted in the following way. Let Coh n (resp., Coh n,m (x)) be the set of F q -points of Coh n (resp., Coh n,m (x)). Set Coh n (x) = ∪ m≥0 Coh n,m (x). Then Coh n = ′ x∈|X| Coh n (x) (the restricted product). We have: Coh n (x) ≃ P ++ n = ∪ m≥0 P ++ n,m . Hence we can identify Coh n (x) with the set {diag(π λ 1
x , . . . , π λn x )|λ 1 ≥ . . . ≥ λ n ≥ 0}. The Whittaker function W σ can then be restricted to the Coh n , and it is uniquely determined by this restriction, see Sect. 2.2. Thus, both L E and W σ give rise to functions on Coh n . For each point t ∈ Coh n , the value of L E at t is given by taking the alternating sum of traces of the Frobenius on the stalk cohomologies of L E at t. On the other hand, the value of W σ is given by the trace of the Frobenius on the top stalk cohomology of L E at t (see [16] ). Therefore Proposition 3.2 says that the contributions of all stalk cohomologies, other than the top one, are killed by the summation along the fibers of the projection r against the non-trivial character Ψ. (1) There is a bijection between the set Q and the set
The group N J (O) acts on the product (N J (F )\N J (A))×(GL J n (A) + /GL J n (O)) according to the rule y · (u, g) = (u · y −1 , y · g).
(2) The map r : Q → Q identifies with the map
given by (u, g) → u · g. Proof. We will use the notation introduced in the proof of Lemma 2.1. Let {L, s, J, (J i ), (s i )} be an element of Q. Then the triple {J, (J i ), (s i )} is an element of Q. Hence we can associate to it homomorphisms ϕ J
Kx , as in the proof of Lemma 2.1. On the other hand, let ϕ L x be an isomorphism J 0 Ox → L Ox . We extend it to a homomorphism J 0 Kx → L Kx , which we denote by the same symbol. Denote by s x the homomorphism J Kx → L Kx induced by s. Consider the automorphism ν
where u x is the transpose of the matrix representing µ x , and g x is the transpose of the matrix representing ν x (see the proof of Lemma 2.1). By construction, u x ∈ N J (K x ) and g x ∈ GL J n (K x ) + . Furthermore, the arbitrariness in the choice of ϕ J gen corresponds to left multiplication of u x by elements of N J (F ), the arbitrariness in ϕ L x corresponds to right multiplication of g x by elements of GL J n (O x ), and the arbitrariness in ϕ J x corresponds to the action of N J (O x ) on (u x , g x ) according to the rule y · (u x , g x ) = (u x · y −1 , y · g x ).
This proves part (1) of the proposition. The proof of part (2) is now straightforward.
Recall that L E is the function on Coh n associated to the sheaf L E . Denote by L E,x the function on Coh n (x), whose restriction to Coh n,m (x)(F q ) is the function associated to L E,m,x . Part (1) of Proposition 3.1 implies that
for all (λ x ) ∈ ′ x∈|X| P ++ n . Using the bijection (4.1) (resp., (4.2)) we consider L E,x (resp., L E ) as a function on GL J n (K x ) + (resp., GL J n (A) + ). Let Ψ x :
be the character defined in Sect. 2.2. Note that the function Ψ x (resp., L E,x ) is right (resp., left) N J (O x )-invariant. Recall further that F E is the function on Q associated to the sheaf F E . We conclude: 
Let us extend the function L E,x by zero from GL J n (K x ) + to GL J n (K x ). Then Proposition 4.1 and Lemma 4.1 imply:
for all g x ∈ GL J n (K x ) + (each sum is actually finite). Let du x be the Haar measure on N J (K x ) normalized so that N J (Ox) du x = 1. Using left GL J n (O x )-invariance of L E,x , we can rewrite the last formula as
Proposition 3.2 states that (r ! F E )((g x )) = W σ ((g x ))| Q . According to formulas (2.4) and (4.3), this is equivalent to the formula
for all g x ∈ GL J n (K x ) + . Since both the left and the right hand sides of (4.4) are left (N J (K x ), Ψ x )-equivariant and right GL J n (O)-invariant, it suffices to check formula (4.4) when g x = diag(π ν 1 , . . . , π νn ), where ν = (ν 1 , . . . , ν n ) ∈ P ++ n . Using the explicit formula (2.3), we reduce Proposition 3.2 to the following local statement.
where ν ∈ P ++ n . 4.2. Positive part of the affine Grassmannian. From now on we work in the local setting. Hence we choose once and for all a trivialization of J 0 on the formal neighborhood of x ∈ |X| and identify GL J n (K x ) with GL n (K x ). For this reason we suppress the index J in what follows.
According to part (2) of Proposition 3.1,
where B λ is the function on Coh n (x) associated to the sheaf B λ,x [m](−n(λ)) (see Sect. 3.2). We view B λ as a GL n (O x )-invariant function on GL n (K x )/GL n (O x ). Let x be a closed point of X. Define the functor which sends an F q -scheme S to the set of isomorphism classes of pairs {L, t}, where L is a rank n bundle on X × S and t is its trivialization on (X × S) − ({x} × S). This functor is representable by an ind-scheme Gr x , which we call the affine Grassmannian Gr x (for the group GL n ). The ind-scheme Gr x splits into a disjoint union of connected components: Gr x = ∪ m∈Z Gr m x indexed by the degree of L for {L, t} ∈ Gr x .
There is a bijection between the set Gr x of F q -points of Gr x and the quotient GL n (K x )/GL n (O x ), see [1] . The analogous quotient over the field of complex numbers is known as the affine, or periodic, Grassmannian. This explains the name that we use.
There exists a proalgebraic group G(O x ) whose set of F q -points is GL n (O). The group G(O x ) acts on Gr x , and its orbits stratify Gr x by locally closed finite-dimensional subschemes Gr λ x indexed by the set P + n of dominant weights λ of GL n . The stratum Gr λ x is the G(O x )-orbit of the coset diag(π λ 1 x , . . . , π λn x ) · GL n (O x ) ∈ Gr x .
Recall that there is an inner product on the set of GL n weights defined by the formula (λ, µ) = n i=1 λ i µ i , and that dim Gr λ x = 2(λ, ρ), where ρ is the half sum of the positive roots of GL n , ρ = ((n − 1)/2, (n − 3)/2, . . . , −(n − 1)/2). Let Q ℓ,λ be the constant sheaf supported on the stratum Gr λ x . Denote by A λ,x the intersection cohomology sheaf on Gr x , which is the Goresky-MacPherson extension of the sheaf Q ℓ,λ [2(λ, ρ)]((λ, ρ)). Let
Define now the closed subscheme Gr + x of Gr x which at the level of points corresponds to pairs {L, t}, for which t extends to an embedding of O X -modules O ⊕n X → L. The scheme Gr +
x also splits into a disjoint union of connected components Gr +
It is clear that Gr m,+
x is a union of the strata Gr λ x , for λ ∈ P ++ n,m (see Sect. 3.2). The set Gr + x (F q ) identifies with the quotient
Consider the morphism q m,x : Gr m,+
x → Coh m (x) given by sending a pair {L, t} to the quotient L/ Im(t). This morphism can be described as follows. There is a natural vector bundle Coh n over the stack Coh n , whose fiber at T is Hom(O ⊕n X , T); Gr m,+
x is an open substack of the total space of the bundle Coh n , which corresponds to epimorphic elements of Hom(O ⊕n X , T). The map q m,x is simply the projection from this substack to the base. Hence q m,x is a smooth morphism of algebraic stacks. It is clear that it preserves the stratification (compare with [20] ). Note that dim Gr m,+ x = m(n − 1) and dim Coh n,m (x) = −m. Therefore Recall that m = |λ| = n i=1 λ i . The lemma implies that as functions on GL n (K x ) + /GL n (O x ),
Hence, according to (4.6) ,
9)
This formula will be used in the next section in the proof of Proposition 4.2.
Proof of the local statement
In this section we will state and prove a general result concerning reductive groups over local non-archimedian field of positive characteristic. In the case of GL n this result implies Proposition 4.2.
5.1.
General set-up. Let G = G(K) be a connected, reductive, split algebraic group over the field K = F q ((π)), T -its maximal torus contained in a Borel subgroup B, and N -the unipotent radical of B. We again denote by O the ring of integers of K, by π a generator of its maximal ideal, and by q the cardinality of the residue field k = F q . Let K be the compact subgroup G(O) of G. We fix a Haar measure of G, such that K has measure 1.
Let H(G, K) denote the Hecke algebra of G with respect to K, i.e., H(G, K) is the algebra of compactly supported K-bi-invariant functions on G with the convolution product: The following statement, often referred to as the Satake isomorphism, is well-known, see [25, 14, 22, 8] .
Remark 5.1. Each semi-simple conjugacy class γ of the group L G(Q ℓ ) defines a homomorphism χ γ : Rep L G(Q ℓ ) → Q ℓ , which maps [V ] to Tr(γ, V ). We denote the corresponding homomorphism H → Q ℓ by the same symbol χ γ . This allows us to identify the spectrum of the commutative algebra H with the set of semi-simple conjugacy classes of L G(Q ℓ ). In particular, we have: χ γ (H λ ) = Tr(γ, V (λ)).
5.2.
Hecke algebra and the affine Grassmannian. Let again X be as in Sect. 1.1, and x be its F q -point. We define, in the same way as in Sect. 4.2 for G = GL n , the ind-scheme Gr(G) = Gr(G) x that classifies pairs {P, t}, where P is a principal G-bundle on X and t is its trivialization over X − x (see, e.g., [23] ). There is a bijection between the set of F q -points of Gr(G) and the set G/K. There is a proalgebraic group G(O), whose set of F q -points is G(O). This group acts on Gr(G), and its orbits stratify Gr(G) by locally closed finite-dimensional subschemes Gr(G) λ indexed by the set L P + of dominant weights λ of L G. The stratum Gr(G) λ is the G(O)-orbit of the coset λ(π) · G(O), where λ(π) is the element of T (K) ⊂ G(K) defined by the one-parameter subgroup of G(K) corresponding to λ.
Denote by (λ, ρ) the pairing between λ ∈ L P and the sum of the fundamental coweights ρ of L G. Let Q ℓ,λ be the constant sheaf supported on the stratum Gr(G) λ . Denote by A λ = A λ,x the intersection cohomology sheaf on Gr(G), which is the Goresky-MacPherson extension of the sheaf Q ℓ,λ [2(λ, ρ)]((λ, ρ)) (note that dim Gr(G) λ = 2(λ, ρ)). Let A λ be the function on Gr(G) associated to A λ . Clearly, the functions A λ , λ ∈ L P + , form a basis in the Q ℓ -vector space Q ℓ (G/K) K of K-invariant functions on G/K with compact support. We have an isomorphism of vector spaces: H ≃ Q ℓ (G/K) K , which commutes with the action of H. Therefore H λ ∈ H, λ ∈ L P , can also be considered as elements of Q ℓ (G/K) K .
This result is due to Lusztig [20, 21] and Kato [13] (see, e.g., Theorem 1.8, Lemma 2.7, formula (3.5) of [13] ). It implies that
where H j (A λ )| y is the jth stalk cohomology of A λ at y ∈ Gr(G).
Fourier transform.
Let us denote by Res : K → F q the map defined by the formula
We define a character Ψ of N in the following way: where du stands for the Haar measure on N normalized so that N (O) du = 1.
Lemma 5.1. The map Φ defines an isomorphism of H-modules
Let c λ ∈ Q ℓ (G/K) K be the characteristic function of the K-orbit of the coset λ(π) · K ∈ G/K multiplied by q −(λ,ρ) . It follows from the definition that
This implies the lemma.
It is natural to call Φ the Fourier transform. We are now ready to state our main local theorem. Let γ be a semi-simple conjugacy class in L G and let W γ be a Q ℓ -valued function on G with the following three properties:
(see Remark 5.1 for the definition of χ γ ). [27] ). The function W γ satisfying these properties exists, and it is unique. For µ ∈ L P , the value of this function at µ(π) is W γ (µ(π)) = q −(µ,ρ) Tr(γ, V (µ)), (5.6) if µ is a dominant weight, and 0, otherwise.
The function W γ is called the Whittaker function corresponding to γ. Now we can prove Theorem 5.2. Let γ be as above and let s γ be a linear functional Q ℓ (G/K) N Ψ → Q ℓ given by the formula
where dg is the measure on N \G induced by the Haar measure on G from Sect. 5.1 and the Haar measure on N from Sect. 5.3. By construction, the function W γ (u)φ(u) is left N -invariant. The integral (5.7) converges, because, by definition, φ has compact support modulo N .
By definition of the convolution product (see formula (5.1)), we have:
Hence
Changing the order of integration and using the invariance of the Haar measure, we obtain
By (5.5) ,
By formula (5.6) and the definition of the function φ λ , the function W γ · φ λ equals q −2(λ,ρ) Tr(γ, V (λ)) times the characteristic function of the double coset N λ(π)K. Hence s γ (φ λ ) = N \G W γ (g)φ λ (g)dg equals q −(λ,ρ) Tr(γ, V (λ)) times the measure of the right K-orbit λ(π) · K in N \G. This measure equals µ(K/Ad λ(π) (N (O))) = µ(N (O))/µ(Ad λ(π) (N (O))) due to our normalization. The latter equals q 2(λ,ρ) . Therefore s γ (φ λ ) = Tr(γ, V (λ)) for each λ ∈ L P + .
Any φ ∈ Q ℓ (G/K) N Ψ can be written as a finite sum
Therefore to prove Theorem 5.2, it is sufficient to check that for each semi-simple conjugacy class γ in L G(Q ℓ ) and λ ∈ L P + ,
But the composition s γ • Φ : Q ℓ (G/K) K → Q ℓ,γ is a homomorphism of H-modules, by Lemma 5.1 and Lemma 5.2. It is easy to check directly that the value of this homomorphism on the element H 0 = ch K ∈ Q ℓ (G/K) K equals 1. Therefore
(see Remark 5.1), and Theorem 5.2 follows.
Remark 5.2. Our proof shows that Theorem 5.2 is equivalent to Theorem 5.3.
5.5.
Proof of Proposition 4.2. Note that (−1) 2(λ,ρ) = (−1) |λ|(n−1) . Hence we obtain from Proposition 5.1 and formula (4.9):
x Tr(σ(Fr x ), E x (λ)) · H λ . (5.8) Therefore we find:
According to (5.4) , the latter sum equals q n(ν) x
Tr(σ(Fr x ), E x (ν)), which is the right hand side of formula (4.5). Now Proposition 4.2 is proved, and this finishes the proof of Proposition 3.2 and Theorem 3.1.
Whittaker functions and spherical functions
In this section we give an interpretation of Theorem 5.2 from the point of view of the theory of spherical functions. Throughout this section we will work over the field of complex numbers instead of Q ℓ . In particular, all functions will be C-valued, and H will be a C-algebra.
6.1. The map Θ. Denote by C ∞ (G/K) K (resp., C ∞ (G/K) N Ψ ) the space of smooth left K-invariant (resp., (N, Ψ)-equivariant) and right K-invariant functions on G. We also denote by C(G/K) K (resp., C(G/K) N Ψ ) the subspace of compactly supported (resp., compactly supported modulo N ) functions.
Each element of C ∞ (G/K) K can be written as an infinite sum λ∈ L P + a λ c λ , where c λ is the characteristic function of the G(O)-orbit Gr(G) λ multiplied by q −(λ,ρ) . Lemma 6.1. For each g ∈ G, (Φ(c λ ))(g) = 0 for all but finitely many λ ∈ L P + .
Proof. It suffices to prove the statement for g = µ(π). In this case, it is easy to see that for all but finitely many λ, there exists an element v ∈ N (depending on λ) with Ψ(v) = 1, such that ∀u ∈ N , u · µ(π) ∈ Gr(G) λ if and only if (vu) · µ(π) ∈ Gr(G) λ . But then (Φ(c λ ))(µ(π)) = Ψ(v)(Φ(c λ ))(µ(π)), and hence (Φ(c λ ))(g) = 0.
, which is equivariant with respect to the action of Hecke operators. Now we define a map Θ :
where dk stands for the Haar measure on K of volume 1. This map is also equivariant with respect to the action of Hecke operators.
We define a as the element of C(G/K) K equal to (Θ • Φ)(ch K ) = Θ(φ 0 ). The same argument as in the proof of Lemma 6.1 shows that the map Θ sends functions from C(G/K) N Ψ to C(G/K) K . Hence a ∈ C(G/K) K = H. Introduce the notation
Then we obtain:
In the next section we will use the element a to clarify the connection between Whittaker functions and spherical functions.
6.2.
Connection between a and the Plancherel measure. Let γ be a semi-simple conjugacy class in the group L G(C). Recall [25, 22] that the spherical function S γ is the unique K-bi-invariant function on G, such that
• f * S γ = χ γ (f )S γ , ∀f ∈ H, where χ γ : H → C is the character corresponding to γ defined in Remark 5.1; • S γ (1) = 1.
These properties imply that
Now let W γ be the Whittaker function on G as defined in Sect. 5.4 with the replacement of the character Ψ −1 of N by the character Ψ. It is straightforward to check that the function Φ(S γ ) satisfies all the properties of the function W γ from Sect. 5.4, except for the normalization condition W γ (1) = 1. By Theorem 5.3, Φ(S γ ) is proportional to W γ .
Proof. Introduce a(γ) by the formula Φ(S γ ) = a(γ)W γ . Since Θ(W γ ) = S γ by definition, we obtain, using formula (6.2) and the properties of
According to [22] , (1.5.1), there exists a unimodular measure dµ(γ) (Plancherel measure) on the maximal compact subtorus L T u of L T , which satisfies
Setting f 2 = ch K , we obtain:
∀f ∈ H. (6.5) By Theorem 5.2, Φ(H λ ) = φ λ . But it is clear that (Θ(φ λ ))(1) = δ λ,0 . Therefore, using (6.2), we see that (a * H λ )(1) = δ λ,0 . Substituting this into formula (6.5) and using the formula χ γ (H λ ) = Tr(γ, V (λ)), we obtain:
There exists a unique measure d µ(γ) on L T u (induced by the Haar measure on L G u ), such that
Formula (6.6) then implies In this subsection, which is independent from the previous one, we use spherical functions to give another proof of Theorem 5.2.
Substituting f 1 = ch KgK into formula (6.4) and using formula (6.3), we obtain that for any f ∈ H,
Since χ γ (H λ ) = Tr(γ, V (λ)), we have:
According to formula (6.10),
On the other hand, it is clear from definition that Φ(H 0 ) = φ 0 . Therefore, substituting g = λ(π) and using formula (5.6), we obtain formula (6.6). Repeating the argument with the Haar measure given above, we obtain (6.8).
Now formulas (6.10), (6.8) and (5.6) give:
This proves formula (5.4) and Theorem 5.2 over the field of complex numbers. Since H λ takes values in rational numbers and Ψ takes values in the roots of unity, the validity of (5.4) over C actually implies its validity over Q ℓ .
6.4. The function L γ . The Whittaker function can be written as a series
This series obviously makes sense, since the supports of the functions φ λ do not intersect. In view of Theorem 5.2, it is natural to consider the series
However, the convergence of this series is not at all automatic, because the supports of functions H λ do intersect; for instance, each H λ has a non-zero value at 1. In this section we study the question of convergence of L γ .
Let us write:
where P µλ is a polynomial in q −1 (recall that c λ is the characteristic function of the G(O)-orbit Gr(G) λ multiplied by q −(λ,ρ) ). Formula (6.10) can be rewritten as follows:
Using the defining properties of the spherical function S γ , we can write it as a series
(l is the rank of G, d i 's are the exponents of G; note that Q(q) = #G/B(F q )), and s µ γ is a polynomial in q ±1 . Its coefficients are finite integral linear combinations of characters of irreducible representations of L G (for an explicit formula, see [22] ). It follows from formula (6.2) that a(γ) has the same structure as a function of q −1 . Hence both s µ γ (q −1 ) and a(γ) −1 can be viewed as formal Laurent power series in q −1 and formula (6.13) can be viewed as an identity on such power series.
We have:
where R µ m and U m are finite linear combinations of irreducible representations of L G (the summation is actually only over m ∈ Z + ). Then formula (6.13) can be written as follows:
By formula (6.7), the q −N coefficient of P µλ (q −1 ) equals the multiplicity of V (λ) in ⊕ m∈Z R µ m ⊗ U N −m . But by construction the latter is a finite linear combination of irreducible representations of L G. Hence we obtain the following Lemma 6.3. For each µ ∈ L P + and N ∈ Z + there are only finitely many λ ∈ L P + , such that P µλ has a non-zero coefficient in front of q −N . Remark 6.1. This can also be seen from the explicit formula for P µλ obtained in [21, 13] .
Therefore for each g ∈ G, L γ (g) given by formula (6.12) makes sense as a formal power series in q −1 , each coefficient being a finite linear combination of characters. Furthermore, we see, by reversing the argument above that as formal power series in q −1 ,
∀g ∈ G. (6.16) In order to estimate convergence of this series, we have to compute a(γ) explicitly. According to [22] , (5.1.2),
where |W | is the number of elements in the Weyl group, and ∆ is the set of roots of G. The notation dγ means the Haar measure on L T u , which gives it volume 1. On the other hand,
Now Proposition 6.1 gives:
Let L g be the adjoint representation of L G, and Λ i ( L g) be its ith exterior power. Formula (6.17) means that a ∈ H is the image under the Satake isomorphism S of the following element in Rep L G:
Formula (6.16) implies the following result. Proposition 6.2. If the conjugacy class γ satisfies: q −1 < |α(γ)| < q, ∀α ∈ ∆ + , then L γ (g) converges absolutely to
Note that when G = GL n , formula (6.12) looks similar to formula (5.8) for the function L E,x . Besides powers of q x , the difference is that in (6.12) the summation is restricted to the subset P ++ n of the set P + n = L P + of all dominant weights of GL n . However, L E,x is not the restriction of (6.12) to the union of strata Gr(GL n ) λ with λ ∈ P ++ n , because the functions H λ with λ ∈ P + n − P ++ n do not vanish on those strata. While L γ given by (6.12) is manifestly an eigenfunction of the Hecke operators, L E,x is not 3 .
For general G there is no analogue of the subset L P ++ ⊂ L P + , and so the function L γ seems to be the closest analogue of L E,x in the general setting. According to Theorem 5.2 and formula (5.6), Φ(L γ ) equals the Whittaker function W γ . Remark 6.2. Let γ be a semi-simple conjugacy class of L G(Q ℓ ) and r : L G(Q ℓ ) → Aut V be a finite-dimensional representation of L G(Q ℓ ). Recall that the local L-function associated to the pair (γ, V ) is defined by the formula
In particular, if V = L g is the adjoint representation, then
Hence a(γ) can be written as
Thus, we obtain:
Following arguments similar to those of Casselman and Shalika [3] , one can show that the irreducible unramified representation corresponding to γ has a Whittaker model if and only if Φ(S γ ) = 0. Formula (6.19) means that Φ(S γ ) = 0 if and only if L(γ, L g; s) is regular at s = 1. We conclude that the irreducible unramified representation of G with the Langlands parameter γ has a Whittaker model if and only if L(γ, L g; s) is regular at s = 1 (in that case the Whittaker model is actually unique). This agrees with a special case of a conjecture of Gross and Prasad [9] (Conjecture 2.6). 4 6.5. Identities on P µλ . According to formula (6.16), for each µ ∈ L P + we have the following equality of power series in q −1 :
). (6.20) Recall that the coefficients of the polynomial P µλ (which can be interpreted as a Kazhdan-Lusztig polynomial for the affine Weyl group [21, 13] ) are given by dimensions of stalk cohomologies of the perverse sheaf A λ :
Thus, formula (6.20) is an identity which connects these dimensions with the values of the spherical functions. The latters are known explicitly; they can be expressed via the Hall-Littlewood polynomials [22] .
For example, let us apply formula (6.20) when G = SL 2 and µ = 0. In this case, γ ∈ C × , and the set L P + of dominant weights of the dual group L G = P GL 2 can be identified with the set of non-negative even integers. To weight 2m corresponds the 2m + 1-dimensional representation V (2m) of P GL 2 , and Tr(γ, V (2m)) = m i=−m γ i . Formula (6.20) then gives:
. This is easy to see directly, because A 2m is known to be the constant sheaf on the closure of the stratum Gr(SL 2 ) 2m placed in degree −2m.
For general G, formula (6.20) with µ = 0 can be interpreted as follows. Note that
(compare with Remark 6.2). Hence
where mult(V (λ), S j ( L g)) is the multiplicity of V (λ) in S j ( L g). Analogous formula can be derived for general µ in terms of the Hall-Littlewood polynomials using (6.15).
7. Geometric analogue of Theorem 5.2 and some open problems 7.1. In this subsection we will formulate a geometric analogue of Theorem 5.2. Recall the Grassmannian Gr(G) of section 5.2. This is a strict ind-scheme over F q , i.e., an inductive system of F q -schemes Gr(G) k , k ≥ 0, where all maps i k,m : Gr(G) k → Gr(G) m , k < m, are closed embeddings. For more details, see, e.g., [23] . By a sheaf on Gr(G) we will understand a system of sheaves F k on each Gr(G) k and a compatible system of isomorphisms F k ≃ i * k,m F m for al k < m. There exists an ind-group scheme N(K), whose set of F q -points is N (K). This ind-group scheme acts on the Grassmainian Gr(G), and its orbits stratify Gr(G) by ind-schemes S ν , ν ∈ L P . The stratum S ν is the N(K)-orbit of ν(π) ∈ Gr(G). Denote by j ν the embedding S ν ֒→ Gr(G).
We choose a generic additive character Ψ : N(K) → G a,K and define a homomorphism Ψ : N(K) → G a,Fq by the formula
where Res is the geometric analogue of the residue map of Sect. 5.3. As before, let ψ : F q → Q × ℓ denote a non-trivial character and let I ψ denote the corresponding Artin-Schreier sheaf on G a,Fq .
Consider the category P G(O) (Gr(G)) of G(O)-equivariant perverse sheaves on Gr(G) with finite-dimensional support. This category is a geometric analogue of the Hecke algebra H = Q ℓ (G/K) K (see Remark 7.1 below). We define an abelian category Sh Ψ N(K) (Gr(G)) (a geometric analogue of Q ℓ (G/K) N Ψ ) and a collection of cohomology functors Φ i : P G(O) (Gr(G)) → Sh Ψ N(K) (Gr(G)), which are a geometic analogue of the map Φ of Sect. 5.3.
The objects of the category Sh Ψ N(K) (Gr(G)) are sheaves E on Gr(G) which are supported on the closure of finitely many N(K)-orbits and satisfy the following conditions:
(1) j ν * E = 0 except for finitely many ν ∈ L P ;
(2) t * ν j ν * E⊗ϕ * I ψ −1 are trivial local systems of finite rank for all ν, where t ν : N(K) → S ν is the map u → u · ν(t).
Morphisms in this category are defined in an obvious way.
The proof is analogous to the proof of the corresponding statement for functions. Thus, E not only satisfies property (1) above, but also satisfies the stronger property (1') j ν * E = 0 except for finitely many ν ∈ L P + . Now we construct the functors Φ i : P G(O) (Gr(G)) → Sh Ψ N(K) (Gr(G)). Consider the sequence of maps:
where a is given by acting with N(K) on Gr and p, q are projections. For F ∈ P G(O) (Gr(G)) we then set:
To formulate the geometric analogue of Theorem 5.2, recall that for λ ∈ L P + we denote by A λ the Goresky-MacPherson extension of the sheaf Q ℓ,λ [2(λ, ρ)]((λ, ρ)) associated to the G(O)-orbit Gr(G) λ . For each ν ∈ L P + , denote by N(K) ν the isotropy group of ν(π). Since ν is dominant, the restriction of Ψ to N(K) ν equals 0. Therefore the map Ψ restricts to a map on S ν , which we continue to denote by the same letter Ψ : S ν → G a,Fq . With this notation, the sheaf Ψ * I ψ is a sheaf on S ν . Recall that j ν denotes the embedding S ν ֒→ Gr(G). Now we are ready to state the geometric analogue of Theorem 5.2.
We will now formulate Conjecture 7.2 describing the stalk cohomologies of the sheaves Φ i (A λ ). The statement of Conjecture 7.2 does not explicitly involve the category Sh Ψ N(K) (Gr(G)) and the functors Φ i . However, Conjecture 7.1 can be derived from Conjecture 7.2.
Note that the support of the restriction of A λ to S ν , i.e., Gr(G) λ ∩ S ν , is finitedimensional. To work in a geometric setting, let us extend the base field from F q to F q and use Weil sheaves. Denote by Ψ λ,ν the restriction of Ψ to Gr(G) λ ∩ S ν . One sees readily that Conjecture 7.2 holds when λ ≤ ν. Let us, then, assume that ν is dominant and ν < λ. The projection formula implies that
. Therefore Conjecture 7.2 follows from the following By theorem 4.3a of [23] we see that if Conjecture 7.3 holds then R k Ψ ! A λ = 0 unless k = 2((λ, ρ) − 1). Here we are using the fact that the results of [23] , stated there over C, extend to our current context.
In this subsection we speculate about what could be the analogue of Laumon's
sheaf L E in the case of an arbitrary reductive group. Recall from Sect. 3.2 that L E is a sheaf on the stack Coh n canonically attached to a rank n local system E on X. This sheaf is used as the starting point of the conjectural construction of the automorphic sheaf on M n associated to E, see [19] and Sect. 3 above.
First we revisit the case of GL n and introduce a scheme Gr + X (∞) with a smooth morphism q : Gr + X (∞) → Coh n , and take the pull-back of L E to Gr + X (∞) . The scheme Gr + X (∞) classifies pairs {L, t}, where L is a rank n bundle on X and t : O ⊕n X → L is an embedding of O X -modules. The scheme Gr + X (∞) is a disjoint union of the smooth schemes Gr +,m X (∞) , m ≥ 0, corresponding to bundles of degree m. The scheme Gr +,m X (∞) is isomorphic to the Grothendieck Quot-scheme Quot m O ⊕n X /X/Fq . Recall [10] that Quot m O ⊕n X /X/k classifies the quotients of O ⊕n X that are torsion sheaves of length m; at the level of points, {L, t} corresponds to the quotient of O ⊕n X by the image of L * under the dual homomorphism L * → O ⊕n X . The morphism q : Gr + X (∞) → Coh n sends {L, t} to L/ Im t. In the same way as in Sect. 4.2, one can show that q is smooth. We denote by the same character L E the pull-back of L E by q. It is the pair (Gr + X (∞) , L E ) that we would like to generalize to other groups.
Let us describe the basic structure of Gr + X (∞) . For each k ≥ 1, we introduce the scheme Gr + X (k) over X (k),rss (see Sect. 3.2), which parametrizes the objects {(x 1 , . . . , x k ), L, t}, where (x 1 , . . . , x k ) is a set of k non-ordered distinct points of X, L is a rank n bundle over X, and t is its trivialization over X −{x 1 , . . . , x k }, which extends to an embedding of O X -modules O ⊕n X → L. The fiber of this scheme over (x 1 , . . . , x k ) ∈ X (k),rss is the product of Gr + x i . It is easy to describe the pull-back L E,+ X (k) of L E under the natural morphism δ k : Gr + X (k) → Gr + X (∞) . In particular, the restriction of L E,+ X (k) to the fiber of Gr + X The set of F q -points of Gr + X (∞) is isomorphic to the quotient GL n (A) + /GL n (O). For groups other than GL n we do not have analogues of the subset GL n (A) + ⊂ GL n (A), the subset P ++ n ⊂ L P + , and the subscheme Gr + of the affine Grassmannian. For this reason, we can not avoid considering a substantially larger object in place of Gr + X (∞) . Thus, for a reductive group G, we consider the set G(A)/G(O). This set, which we denote by Gr(G) X (∞) , is isomorphic to the set of isomorphism classes of pairs {P, t}, where P is a principal G-bundle over X and t is an isomorphism between P and the trivial bundle on a Zariski open subset of X. It is not difficult to define a functor Gr(G) X (∞) from the category of F q -schemes to the category of sets, whose set of F q -points is Gr(G) X (∞) . It would be desirable to have a notion of perverse sheaf on Gr(G) X (∞) . A L G-local system E on X should give rise to a perverse sheaf L E on Gr(G) X (∞) , analogous to the sheaf L E in the case of GL n ; this sheaf should be irreducible if E is irreducible. Although we do not know how to define such an object, we describe below what its pull-backs should be under certain natural morphisms.
For each k ≥ 1, following Beilinson and Drinfeld, we introduce the ind-scheme Gr(G) X (k) over X (k),rss , which parametrizes the objects {(x 1 , . . . , x k ), P, t}, where (x 1 , . . . , x k ) is a set of non-ordered distinct points of X, P is a principal G-bundle over X, and t is its isomorphism with the trivial bundle over X − {x 1 , . . . , x k }. The fiber of this scheme over (x 1 , . . . , x k ) ∈ X (k),rss is the product of Gr x i (see [23] , Sect. 3). We have an obvious set-theoretic map δ k : Gr(G) X (k) → G(G) X (∞) , which can also be defined on the level of functors: schemes → sets. The pull-back of L E to Gr(G) X (k) should be a sheaf L E X (k) on Gr(G) X (k) (inductive limit of perverse sheaves), such that its restriction to the fiber k i=1 Gr(G) x i over (x 1 , . . . ,
L E x = ⊕ λ∈ L P + A λ,x ⊗ E x (λ) * (7.2) (up to shifts in degree). Here E x (λ) has the same meaning as in the case of GL n .
The sheaves L E X (k) have been previously considered by Beilinson and Drinfeld in the context of the geometric Langlands correspondence. Formula (7.2) is analogous to formula (7.1). The main difference is that in (7.1) the summation is restricted to the subset P ++ n of the set P + n = L P + of all dominant weights of GL n , which does not have an analogue for general G (compare with Sect. 6.4).
Remark 7.1. Let P G(Ox) (Gr(G) x ) be the category of G(O x )-equivariant perverse sheaves on Gr(G) x . This category is a tensor category, and as such, it is equivalent to the tensor category Rep L G of finite-dimensional representations of L G. To be precise, this result has been proved in [7, 23] over the ground field C (in this setting, this isomorphism was conjectured by V. Drinfeld; see also [21] ). But the proof outlined in [23] can be generalized to the F q -case, so here we assume the result to be true over F q as well.
Under the above equivalence of categories Rep L G → P G(Ox) (Gr(G) x ), the irreducible representation V (λ) goes to the perverse sheaf A λ,x . Thus, this equivalence is a categorical version of the Satake isomorphism Rep L G → H (see Theorem 5.1). Indeed, an equivalence of two categories induces an isomorphism of their Grothendieck rings. The Grothendieck ring of P G(Ox) (Gr(G) x ) is canonically isomorphic to the Hecke algebra H via the "faisceaux-fonctions" correspondence (we consider objects of P G(Ox) (Gr(G) x ) as pure of weight 0). Hence we obtain an isomorphism Rep L G → H. According to Proposition 5.1, this isomorphism differs from the Satake isomorphism described in Theorem 5.1 by the automorphism of the ring H, which maps H λ to (−1) 2(λ,ρ) H λ , ∀λ ∈ L P + .
The left regular representation of L G,
is an ind-object of the category Rep L G. The corresponding ind-object of the category P G(Ox) (Gr(G) x ) is L x given by formula (7.2).
Remark 7.2. Let L E X be the function associated to the sheaf L E X , and L E x be the restriction of L E X to Gr(G) x ⊂ Gr(G) X . We have:
where γ x = σ(Fr x ). Hence the function L E x coincides with the function L γ −1 x given by formula (6.12) up to the automorphism (−1) 2(λ,ρ) of C ∞ (G/K) K . According to Proposition 6.2, the series (7.3) converges absolutely, if q −1
x < |α(γ x )| < q x , ∀α ∈ ∆ + , and is proportional to the spherical function S γ −1 x (up to the automorphism (−1) 2(λ,ρ) of C ∞ (G/K) K ).
